This paper studies the problem of pricing equity-linked life insurance contracts, and also focuses on the valuation of insurance contracts with stochastic guarantee. The contracts under consideration are based on two risky assets which satisfy a two-factor jump-diffusion model: one asset is responsible for future gains, and the other one is a stochastic guarantee. As most life insurance products are long-term contracts, it is more practical to consider the problem in a stochastic interest rate environment. In our setting, the stochastic interest rate behaviour is also described by a jumpdiffusion model. In addition, quantile hedging technique is developed and exploited to price such finance/insurance contracts with initial capital constraints. Explicit formulas for both the price of the contracts and the survival probability are obtained. Our results are illustrated by numerical example based on financial indexes Russell 2000 and S&P 500.
Introduction
Equity-linked life insurance contracts have been studied since the middle of the 1970s. This type of contracts links the benefit payable at the maturity time with the market value of some reference portfolio, such as stocks, foreign currencies etc. Thus, the benefit of such contracts is uncertain while it is fixed for the traditional contracts. Compared with traditional ones, these innovative products can bring the insurance companies as well as the clients more benefit and improve the insurance companies' competitiveness in the modern financial system.
In North America and the UK, equity-linked life insurance contracts are typically provided with guarantee. Therefore, the topic of pricing equity-linked life insurance contracts with guarantee has attracted most scholars' attention. Brennan and Schwartz (1976) , Boyle and Schwartz (1977) are the first papers appeared in this area. The authors decomposed the benefit of the contracts into a guaranteed amount and a call (put) option on the reference portfolio, then they used Black-Scholes model to evaluate the contracts. Moreover, Moeller (1998 Moeller ( , 2001 ) applied the mean-variance hedging method to calculate the price of the contracts. The guarantee of the contracts in all those papers is deterministic or fixed. Ekern and Persson (1996) priced the contracts with different guarantees, fixed and stochastic using fair pricing valuation. Kirch and Melnikov (2005) , Melnikov and Romanyuk (2008) also applied efficient hedging method to price the equity-linked life insurance contracts with stochastic guarantee.
Quantile hedging technique, as an imperfect hedging technique, was developed in several publications by Foellmer and Leukert (1999), and we exploit further the most important paper on this topic. It can successfully hedge the option with maximal probability in the class of self-financing strategies with restricted initial capital. This technique has been proposed by Melnikov (2004) as pricing and hedging methodology for equity-linked life insurance contracts in the Black-Scholes framework. Later it was extended by Melnikov and Skornyakova (2005) to a two factor jump-diffusion model with constant interest rate, where the second risky asset could be considered as a stochastic guarantee for the contracts.
Up till now, many research papers in the area work with a constant interest rate r . However, as insurance products are usually long-term contract, they could be more sensitive to the changes in the interest rates. Therefore, it is more practical to consider a stochastic interest rate in the financial market. Gao, et al. (2010) considered the problem of pricing equity-linked life insurance contracts by means of quantile hedging and stochastic interest rate. They studied this topic in the framework of the BlackScholes market model driven by two independent Wiener processes and a stochastic interest rate via HJM model (See [13] ). The guarantee of the contracts in their study depends on a constant rate of return g and time t .
It is well-known that discontinuous models for both the stochastic interest rate and the value of risky assets are more realistic. Extending the paper of Gao et al. (2010) , we consider two risky assets 1 
S and 2
S satisfying a two-factor jump-diffusion model, where the asset 2 S is less risky than 1 S , and it can be seen as a stochastic guarantee of the equity-linked life insurance contract. We study the problem in the framework of Melnikov and Skornyakova (2005) . But in contrast with that paper, we use a generalised HJM jump-diffusion model for the term structure of interest rate ( ) r t , which is similar to the framework of Shirakawa (1991) , and Chiarella & Sklibosios (2003) . Assuming independence of financial and insurance (mortality) risks, we apply quantile hedging to price equity-linked life insurance contracts with initial capital constraints.
The paper is structured as follows. In Section 2, we review jump-diffusion models and introduce the HJM term structure framework. Then we describe finance/insurance contracts under consideration. In Section3, we briefly describe quantile hedging technique and present our main pricing results. Section 4 illustrates our results with a numerical example. In Section 5 some future work is discussed. Appendix A, B and C contain technical details of proofs. 
The financial and insurance setting

Financial model
P t T f t s ds
The spot interest rate at time t , ( ( )) t T r t ≤ , is given by the instantaneous forward rate, i.e.
( ) ( )
Let ( ) B t be the accumulated money account (a money market account starting with a dollar investment at time 0) and 
* , exp 1
Risk neutral dynamics
For a security market under consideration, one can determine conditions under which a unique equivalent martingale measure 
By Girsanov's theorem, under this probability measure 
The pair ( )
φ λ satisfies the following equations:
Solving these equations, we get 
In this circumstances, the asset price
which is the solution of the stochastic differential equation (2.1).
Follow the approach of Amin and Jarrow (1992), we can write out the explicit representations of ( )
B t and i t
S in terms of the parameters of the system: 
Insurance settings
In this section, we work with an equity-linked life insurance contract, which is also called "pure endowment contract with a flexible guarantee". The contract links the amount of benefit to both the financial assets S provides a stochastic guarantee to the insured. The insurer does not receive any economic compensation for accepting mortality risk. Assuming financial and mortality risks as independent, we can hedge them separately (see Bacinello and Persson (2002) ).
Let x T be a nonnegative random variable, defined on another probability space ( , , ) F P Ω    . This random variable represents the remaining life time of an x -year old policyholder. Denote ( ) t x x p P T t = >  the survival probability of this policyholder. It follows from the financial and mortality risk assumptions that x T is independent of all processes reflecting financial quantities.
We use ( ) C t to denote a benefit payable at time t , which depends on the market value of 
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where {} I ⋅ is the indicator function. We call ( ) 0 H as the Brennan-Schwartz price.
Quantile hedging and valuation of equity-linked life insurance contract
Quantile hedging technique
The Quantile hedging technique is utilized when we can not provide perfect hedge for the claim ( )
especially because of the initial budget constraint ( ) ( )
. Therefore, we would like to maximize the probability of successful hedging. Let 
and hence the survival probability T x p has the following expression
Application to equity-linked life insurance
In this section, we extend the quantile hedging approach to price the equity-linked life insurance contract with flexible guarantee and maturity time T . We also get the expression of the survival probability. Proof: See Appendix A.
Remark 3.1:
To calculate the price of the equity-linked life insurance contract ( ) 0 H , we can also use the "multi-asset theorem" from Melnikov and Romanyuk (2008) (see Appendix B), and find that this approach leads to the same result as that in Theorem 1.
Remark 3.2:
The payoff of the equity-linked life insurance contract with flexible guarantee ( ) C t can be decomposed into the payoff of a European exchange option plus a pure equity-linked life insurance contract: 
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C t S S =
. The survival probability of an insured is as following: ,  1  2  1  2  1  2  1  2  0   *  1  2  ,  0  1  2  1  2 , ; , , , ; , , Proof: See Appendix C.
Remark 3.3:
Using quantile hedging technique for risk management of equity-linked life insurance contracts, we can fix the financial risk level ε , 0 ε > , and find the probability of the successful hedging set as 1 ε − . Applying the formula (3.1), we obtain the price of the contract, and using the formula (3.4) we determine the survival probability T x p . After that, based on available life tables (see [21] ), we can find the age of the corresponding clients.
Numerical example
In this section, we give a numerical example to illustrate how to use quantile hedging technique to price an equity-linked life insurance contract. First, we estimate the parameters in both interest rate model and two-factor jump-diffusion model. Then, we specify the structure of maximal set of successful hedging. Furthermore, survival probabilities and ages of the clients are calculated for different financial risk level.
Specification of parameters
We consider a simplified stochastic interest rate model without its jump component: one factor Vasicek-Hull-White model. As in Gao et al. (2010), we set
t T t T t s ds
is the mean rate of return. We also assume the volatility structure ( ) We assume 0 0.01 f = , 0 η = and use maximum likelihood estimate method to specify the constant parameters α and β . In this paper, we work with one month deposit rate data from September, 1987 till September, 2010.
For the two-factor jump-diffusion model, we apply the approach in Mancini (2004) to estimate the parameters. There is one Poisson process in our model which determines jumps in the prices for two assets. However, in Mancini's paper there is one Poisson process which specifies jumps for only one asset. So we modify the estimator of number of jumps in Mancini's approach slightly.
We consider financial index Russell 2000 (RUT-I) as risky asset 1 S , and S&P 500 as risky asset 2 S . As Russell 2000 measures the performance of small US companies, whereas S&P 500 is the index of the prices of 500 large-cap common stocks traded in US, it is supposed that RUT-I is more risky than S&P 500. Therefore, it is reasonable to consider S&P 500 as the flexible guarantee 
Structure of maximal hedging set
According to proof of Theorem 1, we can see that the maximal set of successful hedging
admits two types of expression: 
A sequence of constant n a can be found by fixing the probability of the set of successful hedging as
Then we can use the log-normality of this conditional distribution to estimate constants n a .
Numerical results
For the contracts with flexible guarantee, we choose the initial investment 0 1000 S = , and terms of the contracts 1,3,5,10,15, 20 T = years. Then we use the formula from Theorem 2 to calculate the Survival probability T x p for different levels of financial risk 0.01, 0.025, 0.05
The results are displayed in Table 1 . [20] ), the results are presented in Table 2 . In order to compare with the results in Melnikov and Skornyakova (2005), we also use the same life table in [21] to get the age of the clients, shown in Table 3 . Based on the above results, we observe that as the insurance company's financial risk level ε increases, or the probability of successful hedging 1 ε − decreases, the survival probability T x p decreases, while the clients' age increases in the same period. It means that the insurance company should attract older clients in order to compensate for the increasing financial risk. This conclusion is consisting with the one in Melnikov and Skornyakova (2005) .
In addition, the results also illustrate that the survival probability T x p is decreasing over time as the contract maturity time T is getting longer. Meanwhile the clients' age is also becoming younger. So because of mortality risk, the insurance company should attract younger group of clients for long term contracts. However, although the clients' age is still decreasing in the paper by Melnikov and Skornyakova (2005) , the survival probability T x p is increasing with longer maturity time T . Considering the results in Gao, et al. (2010) , this difference could be explained by the effect of the stochastic interest rate ( ) r t in assets' model.
Conclusion
In this paper, we generalized the results by Melnikov and Skornyakova (2005) and Gao, et al. (2010) on pricing equity-linked life insurance. We choose the two-factor jump-diffusion model and generalized HJM model in our study in order to better describe the real financial market. The presence of mortality risk usually causes budget constraint on a hedge and makes it impossible for insurance companies to exactly replicate the payoff of a contract. Thus, we apply the quantile hedging technique to price the contracts when the perfect hedging is impossible.
A natural extension of this work is to consider non-constant parameters in assets' models, for example,
is another important factor in pricing long-term equity-linked life insurance contracts. It is possible to incorporate both factors into the jump-diffusion model. In this paper, we only consider a single premium contract. Further, we could work with a periodic premium contract. Such contract could be an equity-linked endowment insurance polity with asset value guarantee with periodic premiums, where the buyer is committed to pay regularly a predetermined premium to the insurance company. For any constants 1 2 , 0 k k ≠ , the linear combination of 1 2 , y y is ( ) 
